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14 Abstract 

15
16 The basic mechanical work demands of supporting body weight with forces acting at ‘hips’ and ‘shoulders’ 

17 provides a simple account for the diversity of fast gaits observed in quadrupeds, and whether and how they 

18 change with speed. The favoured gait depends on the roll and pitch moments of inertia, the moment arms due to 

19 the body width and length, and the proportion of the stride cycle each leg supports weight (the duty factor). Trot 

20 avoids rolling and pitching, but imposes relatively large and costly vertical motions. The three even 4-beat gaits, 

21 tölt (running walk), transverse gallop and rotary gallop all reduce vertical motions, particularly important at the 

22 low duty factors associated with high speeds, but impose different roll and pitching motions, with contrasting 

23 energetic consequences. Body shape properties are predicted that explain why, with increasing speed: broad, 

24 long common hippopotamus trot but never gallop; upright giraffe transition directly from a walk to a rotary 

25 gallop and never trot; elephants tölt but never trot or gallop; horses trot and transverse gallop but do not rotary 

26 gallop; dogs trot, transverse and rotary gallop; and cheetah transition from trot to rotary gallop without the 

27 transverse gallop intermediate.

28
29
30
31
32
33
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34

35 1. Introduction
36 1.0 Background
37 The functional implications of animal gaits, why different animals select different gaits, and why they transition 

38 with speed, have been of interest since at least the time of Aristotle (350 BCE). Prevailing accounts range from 

39 pseudo-static stability (e.g. Aristotle, 350BCE; Gray, 1944; McGhee and Frank, 1968; Jayes and Alexander, 

40 1980; Cartmill et al., 2002) to spring-dominated (Blickhan, 1989; Geyer, 2006) or strut-dominated (Alexander 

41 1976, 1977, 1989; Usherwood, 2005; Usherwood and Smith, 2018) dynamics to work-minimising principles 

42 (Alexander, 1984; Ruina et al., 2005; Srinivasan and Ruina, 2006) to display (e.g. Caro, 1986). The transition 

43 between walking and higher speed gaits appears broadly established: some combination of work minimisation 

44 and physical constraints (such as the inability legs to be loaded in tension or the feet to ‘pull’ up on the ground) 

45 applies to both bipeds (Alexander, 1989;  Usherwood, 2005; Srinivasan and Ruina, 2006) and quadrupeds 

46 (Polet, 2021); though other kinematic (Hreljac, 1995) and force correlates may act as more proximate triggers. 

47 Some gait transitions are reasonably consistent with metabolic energy minimisation (classically the walk-trot-

48 gallop in horses; Hoyt and Taylor, 1981), though again other correlates may act as more proximate triggers 

49 (Farley and Taylor, 1991). But what drives this metabolic demand, and why does it vary differently with speed 

50 between gaits? Attention here is given to the higher-speed quadrupedal gaits, specifically trot, tölt, transverse 

51 gallop and rotary gallop.

52 The long history of study into animal gaits has led to some conflicting descriptions and definitions. Here, the 

53 conventions of Hildebrand (e.g. 1989) are followed, and Hildebrand’s body of work quantifying gait 

54 characteristics should be recognised. The primary above-walking speed gaits and gait transitions are 

55 summarised in Table 1 and Figure 1. The trot is familiar and widespread: it involves near-simultaneous contact 

56 of diagonal pairs of legs, and two non-pitching ‘bounces’ or vertical oscillations of the body each stride. While 

57 trot may be viewed as the default gait between walk and higher speed gaits such as galloping, it is noteworthy 

58 that some mammals walk at low speeds, gallop at higher speed, but rarely or never trot at intermediate speeds 

59 (Giraffe: Selous, 1893; Gnu (wildebeest) and hyena, Pennycuick, 1976; many primates, Schmitt et al., 2006; 

60 raccoons, kinkajous and skunk, Van de Graaff et al., 1982 and McClearn, 1992). Further, the common 

61 hippopotamus appears never to transition out of a trot despite achieving high speeds (Hutchinson and Pringle, 

62 2024). And elephants (and opossum) reach high speeds while not changing the limb phasing (Hutchinson et al., 

63 2006; White, 1990), adopting a running walk or ‘tölt’ but not trotting or galloping. 

64 The transverse gallop is the normal high-speed gait of horses (e.g. Muybridge, 1957*), and intermediate-high 

65 speed gait of many dogs; whereas the rotary (formally rotatory) gallop is observed at all speeds above trot in 

66 cheetah, all speeds above walk in giraffe, and at the highest gallop speed in dogs. Despite considerable attention 

67 (Muybridge, 1957 [note to editor – not sure how to refence this appropriately; the source Muybridge is much 

68 earlier]; Gray, 1944), the implications of these two gallop gaits – or even clear-cut correlates with anatomy or 

69 behaviour – are not particularly secure. Of correlates, Muybridge offers “The transverse-gallop is employed by 

70 the horse, and by the greater number of other animals, both horny and soft-footed; the rotatory-gallop is adopted 

71 by the dog, the deer, and some other animals”, and Biancardi and Minetti (2012) present a large survey, finding: 
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72 “Large size and longer proximal limb segments were associated with transverse gallop, while rotary and speed-

73 dependent species showed higher metacarpus/humerus and metatarsus/femur length ratio and faster relative 

74 speeds”. Hildebrand (1980) speculates that rotary gallops might offer some advantage in terms of 

75 manoeuvrability. In species that adopt both transverse and rotary gallops, the transverse gallop is normally 

76 slower; rotary gallops may be associated with longer or different proportions of the stride unsupported in such 

77 species. While these unsupported periods and kinematic correlates have been proposed as indicating function, 

78 whether in terms of mechanical work reduction through altered centre of mass kinematics (Bertram and 

79 Gutmann, 2009), or elastic mechanisms (Alexander, 1988), this cannot offer a general account, as giraffes use a 

80 rotary gallop at all above-walking speeds and rarely have any unsupported phase. Further, there does not appear 

81 to be a mechanistic link between transverse/rotary footfall sequencing and either unsupported proportions or 

82 back flexion/extension.

83

84 1.1 Overview
85
86 Why do different species select different gaits? And why do the gaits selected sometimes, but not always, vary 

87 with speed (Table 1)? These questions are addressed with the assumption that – all other things being equal – 

88 gaits are selected that minimise mechanical work demand. Such a premise is not unusual; however, the 

89 assumptions made here contrast importantly with previous work. The Development begins with a summary and 

90 justification of the general assumptions, before describing three complementary models of work minimisation. 

91 The first relates to the energy demands of very brief, ‘impulsive’ forces, sometimes referred to as a ‘collisional’ 

92 analysis (see Ruina et al., 2005). The second presents theoretical possibilities for ‘zero-work’ extremes with 

93 finite duty factors. The purpose of these two is to allow the results of the third, numerical, model to be 

94 interpreted using mechanistic principles.

95
96 Quadrupedal walking is not considered here; see Polet, 2021, which provides a convincing account for why 

97 pitching accelerations are not dependent on pitch moment of inertia in walking at higher duty factors, but is for 

98 the lower duty factor, higher speed gaits addressed here.

99

100 2. Development
101 2.0 Assumptions
102 2.0.0 General assumptions. 
103 The main assumption for all three models is that gaits are selected that minimise the mechanical work demand 

104 of supporting the body during locomotion. This is clearly not the only cost of locomotion: energy is required to 

105 swing the legs (Fedak et al., 1982), and there may be a physiologically important cost of force (Kram and 

106 Taylor, 1990) or power (e.g. Usherwood, 2024) associated with muscle activation. However, if limb phasing at a 

107 given speed has no bearing on stance or swing durations, gait need not influence force demand or the time 

108 available to generate power, leaving the minimisation of work demand for body support to be a suitable 

109 objective function. Similarly, the role of elasticity should be acknowledged: some part of the mechanical work 
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110 demands calculated here could be supplied by elastic recoil; however, assuming such recoil is not perfect, and 

111 assuming it not to relate to footfall sequencing and so gait, simple work minimisation is still relevant.

112
113 Unlike more reductive approaches that treat only the demands of supporting a centre of mass, (e.g. Ruina et al., 

114 2005) or complex simulations that explore work and power demands of joints or muscles (e.g. van Bijlert et al., 

115 2024), the fundamental demand assumed here is to support the four corners of the body with sufficient impulses 

116 or forces to support body weight. Only vertical forces and impulses are considered; this assumption is a key 

117 departure from previous studies, which tend to assume forces project either through the centre of mass, or 

118 through hip or shoulder joint centres (e.g. Alexander 1976, 1989). It is justified by the observation that ground 

119 reaction forces of a range of animals project well above – i.e. considerably more vertically than – through-hip or 

120 through-shoulder (Jayes and Alexander, 1978; Usherwood, 2020b; Usherwood, 2022). A range of mechanisms 

121 facilitating this without demanding simultaneous positive and negative muscle work has been described recently 

122 for hindlimbs and forelimbs of mammals (Usherwood, 2020b; Usherwood, 2022), though the possibility has 

123 long been recognised (Alexander, 1976). These vertical impulses or forces are assumed to act on a body of hip 

124 and shoulder width w, and hip-to-shoulder length L (see ahead to Figure 3b). The body is assumed to be rigid, 

125 allowing changes in roll and pitch to be calculated for given impulses or force profiles. This assumption is 

126 clearly extreme, and its validity depends not only on species (presumably a horse is closer to rigid-bodied than a 

127 cheetah) but also with speed (a trotting dog has markedly less back flexion/extension than a galloping dog). 

128 Analyses and calculations further assume that deflections are sufficiently small that changes in geometry of the 

129 rolling and pitching body can be neglected, such that the rolling and pitching moment arms are constant 

130 throughout the stride and no account need be taken of coupling with yaw. Despite these issues, it is a tractable 

131 starting point, adding one stage of complexity on top of point mass models; but it is admittedly a very long way 

132 from reality.

133
134 2.0.1 Moments of inertia and Murphy number
135 This study highlights the implications of roll and pitch for a body with roll and pitch moments of inertia Iroll and 

136 Ipitch respectively. A convenient non-dimensionalisation of the moment of inertia takes account of the moment 

137 arms of the weight-supporting impulses or forces about the centre of mass: for roll, with moment arm w/2:

138

139  𝐼roll = 4𝐼roll

𝑚𝑤2; (1)

140
141 and for pitch, with moment arm L/2:

142

143  𝐼pitch = 4𝐼pitch

𝑚𝐿2 (2)

144
145 This non-dimensionalisation is sometimes referred to as the ‘Murphy number’, acknowledging the contribution 

146 of Murphy (Lee and Biewener, 2011 and Polet, 2021, who cite Murphy’s thesis, Murphy, 1984), where a low 

147 Murphy number (<1) is shown to enable passively stable trotting in robots. More recently, the energetic 

148 implications have been recognised in pitch (Usherwood, 2020a, Polet, 2021) or roll (Usherwood, 2020a), but not 
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149 previously in combination. A low Murphy number results in high rotational accelerations, and high energetic 

150 costs to gaits allowing rotational impulses. A high Murphy number results in low energetic costs due to 

151 rotations, resulting in gaits with low centre of mass work demands to be favoured, despite rotational impulses. 

152 An associated implication (Usherwood, 2020a) is the acceleration experienced by the opposite side or end given 

153 a vertical impulse: an impulse accelerates the centre of mass upwards, but also accelerates rotation about the 

154 centre of mass; if 𝐼 < 1, the combined effect is to accelerate the opposite side or end downward; if 𝐼 > 1 it is 

155 accelerated upward.

156 A 60:40 bias in fore:hind weight distribution is generally reported for mammals, and an adjustment might be 

157 indicated for calculating  𝐼pitch. However, the bias for galloping horses (Self Davies et al., 2019), greyhounds 

158 and cheetah (Hudson et al., 2012) varies with speed, even reversing in high speed galloping. The additional 

159 complexity of bias in weight distribution and its variation with speed, and its interplay with pitch moment of 

160 inertia with associated energetic implications (Waldron et al., 2009), is not considered here; a 50:50 weight 

161 distribution is assumed throughout.

162
163 2.0.2 Murphy number and shape
164 For a frontal or lateral view of a body (see ahead to Figure 3b) simplified as a rectangle with side lengths a 

165 (height) and b (horizontal dimension, body width or length), Aspect Ratio AR is defined as

166  𝐴𝑅 = 𝑎
𝑏 (3)

167 For a rectangle of unit area ab, 

168  𝑎 = 𝐴𝑅 (4)

169 and

170  𝑏 = 1
𝐴𝑅

. (5)

171 The moment of inertia for a rectangular prism of homogenous mass distribution of mass m is given by

172
173  𝐼 = 𝑚

12(𝑎2 + 𝑏2) . (6)

174
175 So, for a rectangular prism of unit frontal area

176

177  𝐼 = 𝑚
12

𝐴𝑅 + 1
𝐴𝑅 (7)

178
179 meaning that upright (AR>1) or squat (AR<1) shapes have, for a given area, relatively high moments of inertia. 

180 Figures 2 and 3 show cartoons with bodies of constant area, with spans (leg width w or lengthwise spacing L) 

181 for a range of aspect ratios and 𝐼.

182
183 2.0.3 Duty factor as a function of speed
184 For each leg, a stride cycle of period T consists of a stance period Tstance and a swing period Tswing. The duty 

185 factor 𝛽 is the proportion of the stride duration a given foot is in contact with the ground:

186  𝛽 = 𝑇stance

𝑇 = 𝑇stance
𝑇stance+𝑇swing

. (8)
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187 It is a general observation, at least for vertebrates above walking speeds, that duty factor goes down with 

188 increasing speed (see Alexander, 1984). A simple account for this is that, at frequencies sufficiently above those 

189 allowing gravitational pendular mechanisms to dominate swing timing, the energy demand of protracting the 

190 limbs forward may be considerable (Fedak et al., 1982). Elastic mechanisms (e.g. Wilson et al., 2003) and the 

191 potential for transfer between various ‘internal’ and ‘external’ energies, mean protraction costs may not be 

192 simply additive, making a formal inclusion of the implications of protraction energetics beyond the scope of this 

193 paper. However, consider the case of an animal running at increasing speed while maintaining a constant duty 

194 factor. There are geometric constraints to increasing speed with increasing stride lengths, and energetic issues 

195 with increasing stride frequency. Speed increase could be achieved without changing stance or swing duration 

196 by increasing the distance travelled during stance (the stance length) and during swing. However, this strategy is 

197 geometrically limited by the length of the legs: some stance length less than double extended leg length (which 

198 would require performing the splits each stance) cannot be exceeded. Alternatively, speed could be increased by 

199 raising frequency (reducing stride period); with a constant duty factor this would require proportionally equal 

200 reduction in stance and swing duration. This strategy rapidly increases the work and power demand of swinging 

201 the leg forward: to maintain constant duty factor, the increase in forward speed of the body must be matched 

202 proportionally by an increase in forward swing speed of the leg about the body, so the kinetic energy demanded 

203 to swing the leg rises in proportion to the square of forward velocity. Running faster with a constant duty factor 

204 and constraint to stance length would therefore rapidly increase the energetic demands on the leg muscles to 

205 drive swing. This can be ameliorated by reducing the rate of increase of swing speed by increasing the 

206 proportion of stride period given to swinging the leg; however, this would come with a reduction in duty factor. 

207 The question then arises: why is the duty factor not very low at all speeds if this would reduce swing costs? 

208 Presumably there are counter-costs associated with low duty factor, viewed here as related to the costs of 

209 vertical forces and velocities, and the relationship with speed reflects different positions in this trade-off. The 

210 numerical model presented in Section 2.3 addresses the implications of duty factor in terms of mechanical work 

211 demand on and about the centre of mass of the body; the relationship between these works and duty factor are 

212 assumed to also reflect the relationship with speed; however, the costs of protraction are not dealt with explicitly 

213 – they are merely identified as the likely driver of the empirically established reduction of duty factor with 

214 speed.

215

216 2.1. Analytical models for very low duty factor ‘impulsive’ extremes
217 2.1.0 Impulsive overview
218 A range of analytical derivations for the energy fluctuations of and about the centre of mass are possible for 

219 gaits with very brief vertical impulses. While a simple addition of different energy demands can be misleading – 

220 or outright erroneous – special cases where all energy forms go from zero to maximum over the same period 

221 mean that a simple addition does represent the work demand. This style of analysis has a long history when 

222 considering the demands of supporting the centre of mass (e.g. Rashevsky, 1948; Alexander, 1976), but here the 

223 work demands for ‘internal work’ associated with roll and pitch energy fluctuations – i.e. energies not 

224 associated with the height or speed of the centre of mass – is included.

225
226 2.1.1 Centre of mass kinetic energy demand
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227 For an animal of mass m experiencing gravity g, and so on average supporting body weight mg, the total 

228 impulse from all contacts over a period T, is mgT. Given NCoM contacts per stride (hopping NCoM=1; run and trot 

229 NCoM =2; and gallop and tölt NCoM=4), the vertical impulse acting on the centre of mass each contact JCoM is

230

231  𝐽CoM = 𝑚𝑔𝑇
𝑁CoM

. (9)

232
233 The change in vertical velocity of the centre of mass due to this impulse is

234

235  ∆𝑉z = 𝐽CoM

𝑚 . (10)

236
237 For the cases being considered here, with even intervals between contacts, the velocity over contact changes 

238 from downward, through zero, to upward. The increase in upward vertical velocity – important because this 

239 demands contribution of mechanical energy – is

240

241  ∆𝑉+
z = ∆𝑉z

2 (11)

242
243 and the kinetic energy supplied to the centre of mass each contact is

244

245   ∆𝐾𝐸+
CoM = 1

2𝑚 ∆𝑉+
z

2
(12)

246
247 and the total energy, given the NCoM contacts,

248
249  ∑ 𝑊+

CoM = 𝑁CoM ∆𝐾𝐸+
CoM. (13)

250
251 For bipedal running or quadrupedal trotting, with NCoM=2, this expands to

252

253  ∑ 𝑊+
CoM = 𝑚𝑔2𝑇2

16
,

254 (14)

255
256 which is used to normalise centre of mass work demands for other gaits (Table ST1 in Electronic Supplementary 

257 Information ESM). 

258
259 2.1.2 Rotational kinetic energy demand
260 For an animal experiencing Nrot rotational impulses at a moment arm r about the centre of mass, the rotational 

261 impulse Jrot each contact is

262

263  𝐽rot = 𝑚𝑔𝑇𝑟
𝑁rot

. (15)

264
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265 This results in a change in angular velocity that depends on the moment of inertia I about the appropriate axis of

266

267  ∆𝜔 = 𝐽rot

𝐼 . (16)

268
269 For the cases being considered here, with even intervals between contacts, the magnitude of angular velocity 

270 over contact decreases until zero, then increases upward. The increase in angular velocity – important because 

271 this demands contribution of mechanical energy – is

272

273  ∆𝜔+ = 1
2 ∆𝜔 (17)

274
275 and the rotational kinetic energy supplied each contact is

276

277  𝐾𝐸+
rot = 1

2𝐼(∆𝜔+)2 (18)

278
279 and the total energy due to the Nrot rotational accelerations is

280
281  ∑ 𝑊+

rot = 𝑁rot ∆𝐾𝐸+
rot. (19)

282
283 For Nrot = 2 (appropriate for a bipedal run), this expands to:

284

285  ∑ 𝑊+
rot = 𝑚𝑔2𝑇2

16𝐼
, (20)

286
287 which is used to normalise rotational work demands for other gaits (ESM Table ST1).

288

289 2.1.3 Hop, run and Murphy number
290 Bipedal hopping and running are considered first. While this has been touched on previously (Usherwood, 

291 2020a), it offers an introduction to the key concepts that will be applied to quadrupedal gaits. Bipedal hopping 

292 requires a single vertical impulse each stride, but no rotational impulses. Bipedal running requires two vertical 

293 impulses each stride (one left, one right), each acting at a moment arm w/2 about the centre of mass, providing 

294 rolling impulses that are resisted by the roll moment of inertia Iroll. Substituting these terms for the above 

295 expressions for work demands of (equation 13) and about (equation 19) the centre of mass gives the condition 

296 for hopping to be less energetically demanding than running; that

297

298  𝑚𝑔2𝑇2

8 < 𝑚𝑔2𝑇2

16 + 𝑚2𝑔2𝑇2𝑤2

64𝐼roll
, (21)

299
300 Which simplifies to

301
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302  4𝐼roll

𝑚𝑤2 < 1, (22)

303
304  or

305
306  𝐼roll < 1. (23)

307
308
309 2.1.4 Hop versus run conclusions
310 The economical bipedal gait at high speeds would be running with relatively narrow hips: two contacts per 

311 stride halves the centre of mass work demand compared with the single contact of a hop, and narrow hips or 

312 high moment of inertia – high 𝐼roll – results in low demand for rotational energy fluctuations. How, then, to 

313 account for hopping? A body shape with relatively spread hips may arise for a variety of reasons, perhaps 

314 stability in perching. If this resulted in  𝐼roll < 1, hopping would result in lower work despite increased centre of 

315 mass work because roll is avoided. An alternative is that there may have been selection for hopping for non-

316 energetic reasons, perhaps jumping between twigs, acceleration or unpredictability. If hopping is favoured for 

317 any of these reasons, then this releases the pressure away from high  𝐼roll, and relatively broad hips would not be 

318 detrimental. It is not apparent whether, or which of, these two evolutionary scenarios apply to the various 

319 adoptions of hopping, from many passerine birds to (repeatedly) rodents, to the classic wallabies and kangaroos.

320
321 2.1.5 Analytical model for quadrupedal trot, gallop, tölt.
322 Three extreme 4-beat gaits can be addressed with the analytical method above (ESM Table ST1): in each case, 

323 minimum energy of the centre of mass (minimum height and zero vertical velocity) coincides with minimum 

324 rotational energy about the relevant axis (zero angular velocity), so their contributions to work demand are 

325 simply additive. Tölt (running walk) with an even limb contact timing LH (left hind), LF (left fore), RH, RF has 

326 4 pitch impulses per stride. Given an infinite roll moment of inertia, there would be negligible roll motions, and 

327 tölt would be favoured over trot if 𝐼pitch > 1. Similarly, a transverse gallop with an even limb contact timing 

328 LH, RH, LF, RF has 4 roll impulses each stride; and, given an infinite pitch moment inertia negating any pitch 

329 motions, transverse gallop would be favoured over trot if 𝐼roll > 1. Finally, the rotary gallop with even limb 

330 contact timings LH, RH, RF, LF would have two rotational accelerations about the RH-LF diagonal axis, and 

331 two about the LH-RF diagonal axis. In the case where moments of inertia are the same for roll and pitch – a 

332 symmetrical body – the same moment of inertia applies about any horizontal axis, whatever the rotation about 

333 vertical. The relevant moment arm is, however, increased, as it is the diagonal distance from the centre of mass 

334 to the body corner: for a square body, a factor of 1
2
 instead of ½ the relevant w or L. This results in rotary gallop 

335 being favoured over trot if 𝐼pitch ≈ 𝐼roll > 2. The purpose of addressing these limited, extreme cases is to allow 

336 the results of the numerical model to be interpreted, and to validate the numerical outputs at very low duty factor 

337 with specific 𝐼 conditions (ESM Table ST1).

338
339
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340 2.2: Finite duty factor ‘zero work’ extremes
341 2.2.0 Finite duty factor overview. 
342 The vertical forces demanded to provide weight support, combined with horizontal motions of translation, do 

343 not impose a fundamental demand in terms of work or power; this is a familiar concept for ideal wheels and 

344 skates, but also applies if the linkages of legs can result in straight-line mechanisms (Usherwood, 2020b). 

345 Weight support during translation is passive at the level of the whole limb if limb forces can be maintained 

346 perpendicular to body motions; and passive at the level of the tissues (bones and tendons, but especially 

347 muscles) if structures and mechanisms within the load-bearing ‘linkage-leg’ can be supported with links that do 

348 not change length when under load, or change length when not under load. In this section, it is assumed that 

349 linkage legs allow this cost-free ‘sliding’ condition of the body over the foot, exploiting linkages (unnamed 

350 here, but see Usherwood, 2022) to achieve this without cost at the level of the muscle, and explores the 

351 conditions under which – theoretically – zero work need be demanded for supporting the body as it travels 

352 (summarised in ESM Table ST2). It is intended as a range of additional conceptual bounds before developing 

353 the numerical model for intermediate duty factors and moments of inertia. The analytical (Section 2.1) and 

354 conceptual (Section 2.2) models provide a degree of validation for the numerical model (Section 2.3) at limiting 

355 conditions, and offers insight into the conditions and mechanisms underlying the numerical model results.

356

357 2.2.1 𝜷 ≥ 𝟏
𝟐; 𝑰roll = ∞; 𝑰pitch ∞: the ideal jacana condition

358 Bipedal hopping demands an aerial phase to provide time to swing the legs forward for each stance, so cannot 

359 achieve the sliding zero-work condition. In contrast, striding gaits with a sufficiently high duty factor could 

360 support body weight continuously; if roll and pitch could be completely avoided, a zero-work gait could be 

361 achieved. This would require infinite non-dimensional moments of inertia due to zero roll or pitch moment 

362 arms; the centre of mass would travel steadily over a base of support. Such a condition is achieved by some toy 

363 robots with large, overlapping feet; a similar action may be imagined for birds with very large feet (perhaps 

364 jacanas – lily trotters) if, during single stance, the centre of mass was carried continuously over a polygon of 

365 support formed by the convex hull of the toes in contact with the ground. 

366

367 2.2.2 𝜷 ≥ 𝟑
𝟒; point mass: the ideal tortoise condition

368 The conditions for quadrupeds to carry the centre of mass continuously over a polygon of support has been 

369 thoroughly described (Gray, 1944; McGhee and Frank, 1968; Jayes and Alexander, 1980; Cartmill et al., 2002), 

370 sometimes asserting a role in some form of stability. An even ‘lateral sequence’ walk (LH-LF-RH-RF) allows 

371 this condition until a duty factor of ¾; it requires that at least 3 feet are in contact with the ground at all times, 

372 providing at least a triangle base of support. With this gait, moments need never be imposed about the centre of 

373 mass and the zero-work condition would be possible without moments of inertia – with a point mass. The 

374 associated ground reaction forces for each limb (varying throughout stance due to the changing roll and pitch 

375 moments) broadly match observation for walking tortoises (Jayes and Alexander, 1980; Usherwood, 2020b).

376

377 2.2.3 𝜷 ≥ 𝟏
𝟐; 𝑰roll = ∞ or 𝑳𝐬𝐭𝐞𝐩 ≤ 𝑳𝐟𝐨𝐨𝐭: the ideal alligator condition
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378
379 At lower duty factors, roll accelerations can only be avoided if either: they are resisted by infinite roll moment 

380 of inertia; or the centre of mass passes continuously over a quadrilateral of support, requiring, for a trotting 

381 footfall sequencing, the step length Lstep, the distance travelled by the centre of mass between each foot 

382 placement, is less that the foot length  Lfoot. Pitch moments due to simultaneous fore and hind forces 

383 continuously and automatically cancel, and vertical ground reaction forces of fore and hind limbs vary through 

384 stance due to the changing pitch moments, broadly consistent (Usherwood, 2020b) with observed force profiles 

385 of walking alligators (Willey et al., 2004). A trot foot contact sequence allows a zero-work gait given large feet 

386 and short steps, or an infinite roll moment of inertia, down to 𝛽 = 1
2.

387

388 2.2.4 𝜷 ≥ 𝟏
𝟒; 𝑰roll = ∞:𝑰pitch = ∞: the ideal fast horse, cheetah or elephant condition

389 The fast – low duty factor – extreme for a zero-work gait is for a single foot to be supporting body weight at all 

390 times, but resulting in no roll or pitch accelerations. For this, both 𝐼pitch and 𝐼roll must be infinite, making all 

391 even 4-beat gaits (transverse gallop, rotary gallop and tölt) equivalent. While this condition is clearly unrealistic, 

392 it serves to highlight the potential energetic benefit of 4-beat gaits, and why they particularly apply at high 

393 speeds (low duty factors). At 𝛽=1/4, only an even 4-beat gait could prevent vertical motions of the centre of 

394 mass; any other would demand vertical motions – and so deviation from the zero-work conditions.

395

396 2.3: Numerical model for intermediate duty factor, intermediate rotational 

397 inertia
398 2.3.0 Assumptions and limitations
399 The previous two approaches address the energy demands of idealised gaits at specific duty factors and 

400 moments of inertia. The interplay between terms, again for idealised gaits, can begin to be demonstrated with a 

401 simple numerical model. Forces are again assumed to be vertical and sufficient to support weight, but take a 

402 suitable waveform. A half-sine wave is adopted here as a suitable approximation to vertical ground reaction 

403 forces in animals above walking speed, and following Alexander 1984 (see also Usherwood and Self Davies, 

404 2017). A square-wave force profile produces very similar results, suggesting that the findings are broadly 

405 insensitive to detail of force profile. 

406
407 2.3.1 Numerical model for quadrupedal trot, tölt and gallops with finite duty factors
408 If the vertical impulse Jlimb  of each limb of a quadruped supports its share of body weight mg over the course of 

409 the stride T over a half-sine force profile of amplitude Az over a stance period 𝛽𝑇:

410

411  𝐽limb = 𝑚𝑔𝑇
4 = ∫𝛽𝑇

0 𝐴𝑧 sin 𝜋𝑡
𝛽𝑇

𝑑𝑡, (24)

412 meaning that

413

Page 13 of 32

http://mc.manuscriptcentral.com/prsb

Submitted to Proceedings of the Royal Society B: For Review Only



13

414  𝐴𝐳 = 𝜋𝑚𝑔𝑇
8𝛽𝑇 . (25)

415 From this, the vertical force profile over a stance can be modelled for a given duty factor:

416

417 𝐹𝐳,𝐭 = 𝐴zsin 𝜋𝑡
𝛽𝑇 (26)

418 until

419
420  𝑡 = 𝛽𝑇. (27)

421
422 If each leg produces these forces, again at w/2 and L/2 from the centre of mass, the consequences of different 

423 limb phasings – gaits – can be calculated numerically (see ESM Figure S2, and for extended derivations, and 

424 further ESM for animations, code, and explanatory spreadsheet). Centre of mass accelerations and velocities 

425 result from the combined vertical forces; roll and pitch accelerations and velocities from the individual forces, 

426 moment arms and moments of inertia. Note that the pitch moment arm is assumed to be constant (L/2) over 

427 stance. This neglects the changing moment arms as the foot travels towards (fore) or away from (hind) the 

428 centre of mass. While this additional level of complexity could be modelled (it accounts for the skew in ground 

429 reaction force profiles, extremely apparent as a sawtooth in alligators and to some extent tortoises, but generally 

430 across walking reptiles and mammals (Usherwood and Granatosky, 2020)), its impact varies across animals 

431 (related to leg and body length) and speeds (stance lengths generally increasing with speed), and adds a level of 

432 complexity unnecessary for the current development. It is assumed that the magnitude of roll and pitch is 

433 sufficiently small that any coupling with yaw (in the body frame of reference) can be neglected. 

434
435 The vertical velocity at each position of force application (‘hips’ and ‘shoulders’) depends on both centre of 

436 mass and rotational velocities at each instant. The mechanical power demand is the product of vertical force and 

437 vertical velocity at each point of force application on the body; it is assumed that there are no mechanisms of 

438 power transfer between legs (in contrast to the assumption that there are ideal linkage mechanisms between 

439 joints within each leg). The time integral of positive power for each of the four points of force application 

440 represents the mechanical work demand. While there are physiological costs to negative power, and elastic 

441 mechanisms may reduce the physiological cost of the mechanical work demand, it is assumed that these 

442 phenomena are not gait-dependent, so would merely impose a constant scaling of the mechanical work demand; 

443 simple work minimisation is sufficient to determine the energetically favourable gait.

444

445 Mechanical work demand is calculated for a range of  𝐼roll and 𝐼pitch from 1-8, at three duty factors (0.5, 0.45, 

446 0.3), suitable for speeds above walking. For each  𝐼roll, 𝐼pitch combination, the gait is found that minimises 

447 mechanical work demand (Figure 3a, merged in Figure 3b). Gaits considered are limited to even 2-beat (trot) or 

448 4-beat (tölt and gallops) intervals between foot contacts, and impulses are vertical. Uneven timings (canters etc.) 

449 and suitably inclined impulses may result in very similar energetic outcomes (see Ruina et al., 2005 for the 

450 principles) but this is not explored here.

451
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452 3. Results and Discussion
453 Despite the extreme nature of the reductions of the three models, the approach has the potential for considerable 

454 explanatory power with very few assumptions. The summary is that simple work minimisation may account for 

455 quadrupedal gait selection, and how these vary with both form and speed. However, the anatomical / 

456 morphological parameters for positions on the predicted gait plot (Figure 3) are not always apparent and are 

457 difficult to quantify. Quite apart from issues of applying rigid-body mechanics to a flexing body, the appropriate 

458 values of w and L are not obvious: the functional w depends not only on the foot track width, but also on 

459 adduction/abduction moments, which are rarely reported during high speed gaits; the functional L varies 

460 throughout stance and may also be gait and speed dependent, again tying in with flexion and extension of the 

461 back. Despite this, some extremes appear reasonable, and the intermediate positions may be viewed as 

462 predictions or hypotheses of functional 𝐼roll and 𝐼pitch. To begin with, consider the common hippo (position A, 

463 Figure 3b). Why do these adopt a trot, but never transition to tölt or either form of gallop despite achieving high 

464 speeds and duty factors down to 𝛽=0.35 (Hutchinson and Pringle, 2024)? It is easy to believe that the hippo is 

465 relatively long and broad – low aspect ratio – with hips and shoulders placed close to the corners of the body 

466 resulting in 𝐼pitch and 𝐼roll<1; if so, then the costs associated with pitching or rolling on transitioning from a trot 

467 would be prohibitive, and overwhelm any benefit due to reduction of vertical motions with any of the 4-beat 

468 gaits. Next, consider the giraffe (position B): why do these never trot, instead transitioning from a walk straight 

469 into a rotary gallop? Again, it is very believable that giraffes – and ‘slope-backed’ gnu and hyaena (Pennycuick, 

470 1976) – might be relatively upright – high aspect ratio – and so have high 𝐼pitch and 𝐼roll; if so, then costs of roll 

471 and pitch are low, explaining the four-beat gait, (zero-work development, ESM Table ST2) and of a similar 

472 magnitude, explaining the selection of rotary gallop (impulsive development, ESM Table ST1). Elephants are 

473 predicted to be located at position C, with intermediate 𝐼pitch and higher 𝐼roll: the tölt would minimise work 

474 demand at all duty factors (speeds), with the 4-beat gait allowing a low cost due to vertical motions (ESM Table 

475 ST2), and a relatively high inertia in roll favouring a gait with low pitch costs (ESM Table ST1). Horses are 

476 predicted to be at position D, transitioning from trot to transverse gallop (but not on to rotary) with intermediate 

477 𝐼roll and higher 𝐼pitch. At low speeds trot is favoured because of high duty factor, and so low vertical motions of 

478 the centre of mass, without imposing rotational costs. At higher speeds, because of lower duty factors, a 4-beat 

479 gait is required to ameliorate increasing costs due to vertical motions of the centre of mass (ESM Table ST2). 

480 With higher 𝐼pitch than 𝐼roll, roll costs are relatively high, favouring the transverse gallop (ESM Table ST1). 

481 Dogs are predicted to be at position E, with somewhat higher 𝐼roll than horses: here, three high-speed gaits are 

482 correctly predicted in relation to duty factor: trot at lower speed (higher duty factor), transverse gallop at higher 

483 (intermediate duty factor) and rotary gallop at highest (lowest duty factor) speed. Cheetah are predicted at 

484 position F, with approximately equal 𝐼roll and 𝐼pitch, both well above 2, but below those of the giraffe: this 

485 predicts the transition between trot and rotary gallop with increasing speed (reducing duty factor) with no 

486 transverse gallop intermediate. The magnitudes of the work demand as a function of speed from the numerical 

487 model (Figure 3c) – beyond merely indicating which gait demands least work – is also revealing. A transect 

488 across duty factors at the dog position E is broadly consistent with personal anecdotal observation: while a duty 
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489 factor dependent difference is predicted between transverse and rotary gallops, this difference is relatively small, 

490 agreeing with the inconsistency of galloping gait selection observed in many animals, and the apparent freedom 

491 of animals to change ‘lead’ legs.

492
493

494 3.0.1: What prevents 𝑰roll ≈ ∞, 𝑰pitch ≈ ∞? Trade-offs and implications for robot 

495 design.
496 While the development here may give an energetic account for why certain gaits, at certain duty factors, are 

497 selected, depending on 𝐼roll and 𝐼pitch, it does not address why these 𝐼  have arisen. True, the high aspect ratio, 

498 long-necked giraffe has a simple adaptive account related to browsing opportunity, but very high 𝐼roll and 𝐼pitch 

499 would appear generally beneficial, allowing gaits with low mechanical work demand – in the low duty factor 

500 extreme by a factor of 1/2 compared with trotting (Table ESM ST1). Why are not more mammals upright, with 

501 high aspect ratio? Or – the other way of achieving high 𝐼  - why do they not evolve morphologies or kinematics 

502 resulting in low w and L? The first potential account, clearly of importance to the quadrupedal robot design of 

503 the 1980s, is stability: low 𝐼 allows simple, passive mechanisms to produce stable gaits that reject perturbations. 

504 It is not clear that this concept applies to running animals: a relatively high moment of inertia may make for a 

505 passively unstable robot, but – as demonstrated by tight-rope walkers using long poles for balance – also has the 

506 potential to facilitate ‘active’ stability. The second account is that high moments of inertia may impinge on 

507 manoeuvrability (Carrier et al., 2001); however, again, unless completely rigid body mechanics apply, 

508 manoeuvrability through inertial reconfiguration (falling cats or competition divers being good examples) may 

509 actually benefit from mass distributed away from the centre of mass. The third account is that a short base 

510 between hind and forelimbs, and/or a tall body (the high 𝐼pitch) may be problematic for acceleration and 

511 deceleration (Williams et al., 2009): a high forward acceleration would induce an unresolved net backward 

512 pitching impulse if the mean force vector projects underneath the centre of mass, resulting in a ‘wheelie’, with 

513 the forelimbs lifting from the ground, and the body eventually spinning over backwards. This principle makes a 

514 good quantitative prediction for the higher peak accelerations achieved by racing greyhounds (~ 10 ms-2) than 

515 polo ponies (~ 6 ms-2). While the concept of a compromise between acceleration (long, low body with large 

516 base between hind and forelimbs; low 𝐼pitch) and economy (high aspect ratio body, legs close to centre of mass; 

517 high 𝐼pitch) has some appeal, the multitude of other selection pressures must be acknowledged; for instance, it is 

518 probably inappropriate to assert that gross form of the common hippo has arisen because of selection on its 

519 performance in acceleration.

520
521 Understanding the conditions for gaits with low work demand, and potential trade-offs with other 

522 considerations, has potential value for quadrupedal robot design. Current commercial quadrupedal robots (e.g. 

523 Boston Dynamics Spot, Unitree Go) have rigid bodies with hips and shoulders located close to the body corners 

524 (𝐼pitch and 𝐼roll ≪  1), and support themselves with predominantly vertical ground reaction forces, and trot with 

525 high duty factor. While they meet the assumptions and the predictions of the models here very well, perhaps 

526 better than any mammal, economy has not been a primary consideration in the development of modern legged 
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527 robots. If the challenges of stability faced by the quadrupedal robots of the 1980s have been overcome with 

528 advances in all aspects of sense-compute-actuate, and there is a demand for more economical, faster robots, the 

529 findings of this study may be useful when designing both the gross robot shape and the gait selection. A robot 

530 shape resulting in high 𝐼pitch and 𝐼roll would allow rotary galloping at high speeds, with low mechanical work 

531 demand due to swinging the leg forward (due to the low duty factor), low mechanical work demand due to 

532 vertical motions of the centre of mass (due to the spread of the 4-beat gait) and low work demand due to 

533 rotations (because of the high 𝐼).

534
535 3.0.2: Where and why does the model fail? 
536 The three-beat canter with markedly inclined impulses is not covered here; see Usherwood, 2020a. While the 

537 current development offers a potential account for the body- and duty factor (speed)- dependent gait selection, 

538 some gaits cannot be accounted for (Figure 1). Pace, with simultaneous hind and fore contacts on the same side, 

539 would have the same disadvantage as trot in terms of only two impulses on the centre of mass each stride. But, 

540 unlike trot, there would be a cost due to rolling moments. That is, unless w/2 could become close to zero, at 

541 which point the work demand of pace converges on that of trot; however, no advantage over trot is ever 

542 predicted, and the intermediate-speed gait of camels is not simply explained in the current framework, whatever 

543 the roll moment of inertia. Bounding, with simultaneous hind contacts, and simultaneous fore contacts, would 

544 similarly have the same disadvantage as trot, with only two impulses each stride; and some degree of pitching 

545 appears inevitable. This may reflect a sufficiently large deviation from the assumptions of the model: the 

546 bounding squirrel certainly deviates from a rigid body, and much of the work supply may come from the 

547 flexion/extension action of the body itself.

548
549

550 3.1 Conclusions
551 A simple minimisation of mechanical work demand, taking into account the vertical motions of the centre of 

552 mass and the effects of roll and pitch on the corners of the body with distributed mass, has the potential to 

553 account for the selection of high speed gaits across quadrupeds, and their transitions as a function of duty factor, 

554 and so speed. Quantification of functional 𝐼roll and 𝐼pitch  in animals with flexing and extending backs, and with 

555 legs moving under the body throughout each stance, is currently challenging. While low 𝐼roll and 𝐼pitch may be 

556 reasonably asserted for the broad, long common hippopotamus, and account for its obligate trot at high speeds, 

557 and high 𝐼roll and 𝐼pitch be supposed for the tall giraffe, and account for the rotary gallop and absence of trot, the 

558 various intermediate forms are not clear from summary observation; for these, the proposed mechanism might 

559 best be viewed as a parsimonious working hypothesis at this stage. 

560
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571
572
573 Figure 1. Overview of gait descriptions of terrestrial vertebrates: paper scope and summary. Gait descriptions 

574 broadly follow Hildebrand, 1989. NC: not considered; NEF: Never Energetically Favoured according to the 

575 current analysis, *but see Usherwood, (2020a). ‘Together’ refers to timing; for instance, the canter is a three-

576 beat gait with simultaneous contact of one of the hind and one of the forefeet. Symmetric gaits have an even 

577 interval between left and right contacts. Pitch and roll accelerations are driven by moments about the centre of 

578 mass related to body length and width, and are resisted by pitch and roll moments of inertia associated with 

579 body shape.
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580
581
582 Figure 2

583 Idealised biped shapes of constant frontal area across a range of aspect ratio and 𝐼roll. Aspect ratios of 2 and ½ 

584 have the same I, and so same absolute spacing of hips for a given 𝐼roll. For the same relative spacing of hips – 

585 close to body width – the squat AR=0.5, 𝐼roll = 0.5 should hop in order to avoid high costs of roll; the upright 

586 AR=2, 𝐼roll= 2 should run to double the contacts per stride and halve the centre of mass work, as the roll costs 

587 are relatively low.

588
589
590
591
592
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593
594

595
596
597 Figure 3.
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598 Energetically favourable gaits as functions of non-dimensional moments of inertia 𝐼roll, 𝐼pitch across three duty 

599 factors relating to slow, medium and fast speeds (a), and amalgamated plots with side-view and front-view 

600 cartoons for the range of 𝐼roll and 𝐼pitch and aspect ratios (b). With decreasing duty factor (black to blue to red, 

601 from left to right a, and merged, b) the range of body inertia predicted to favour trotting shrinks towards lower 𝐼, 

602 down to a limit: the black dot at 𝐼roll = 2, 𝐼pitch = 2 indicates the predicted trot-rotary gallop boundary at very 

603 low duty factor. Positions within the plots are determined by inertia properties; the boundaries depend on duty 

604 factor. Capital letters denote 𝐼 coordinates predicted from reported gaits of exemplar species. A: common 

605 hippopotamus, reported to trot but not gallop. The position near the bottom left indicates such low 𝐼roll  and 

606 𝐼pitch that a trot is favoured even at low duty factor. B: giraffe, reported to favour rotary gallop and never trot. C: 

607 elephant, that tölt (running walk) but are not observed to trot or gallop. D: horse, that usually transition from trot 

608 to transverse gallop but not to rotary gallop with increasing speed. E: dog, that transitions on to a rotary gallop at 

609 high speeds. F: cheetah, that transitions from trot to rotary gallop without the transverse gallop intermediate. 

610 The work demand for all 4 gaits at coordinate E (inset, (c); at 𝐼roll = 2.5, 𝐼pitch=4), normalised by the centre of 

611 mass cost of impulsive trotting (trot would approach 1 as duty factor becomes very small)) shows the transition 

612 in favoured gait from trot, through transverse gallop, to rotary gallop with decreasing duty factor (increasing 

613 speed). Note that the difference between transverse and rotary gallop costs is relatively small.

614
615
616
617
618
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Biped Quadruped

Figure 3 

symbols

Hop Run Trot Tölt Transverse gallop Rotary gallop

Foot contact sequence [LH, RH]- LH-RH- [LH,RF]-[RH,LF]- LH-LF-RH-RF- LH-RH-LF-RF- LH-RH-RF-LF-

Example species

Kangaroo x Yes No x x x x

Ostrich x No Yes x x x x

Common 

Hippopotamus

(A) x x Yes No No No

Giraffe (B) x x No No No* Yes

Elephant (C) x x No Yes No No

Horse (D) x x Slow No* Fast No*

Dog (E) x x Slow No Medium Fast

Cheetah (F) x x Slow No No* Fast

Table 1. Summary of fast bipedal and quadrupedal gaits and their distribution across example species and speeds (L indicates Left, R right, H hind and F fore). In each case 

the foot contact sequence is assumed to begin with the Left Hind (LH); equivalent gaits with a different lead begin with RH, swapping the L and R throughout. Square 
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brackets (the hop, trot) indicate simultaneous foot contacts. Asterisks indicate ‘soft’ no: most species that can gallop use occasional strides of their less favoured form of 

gallop; and some horse breeds can also tölt (see Robillard et al., 2007).
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